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Outline

- EM
- GMM + (hw6 coding)
- PCA



EM – Setup

Find 𝛉 to maximize

log-sum (log(∑x)) is hard to compute. We prefer sum-log (∑(logx)) (why?)



EM - Jensen’s inequality

1. Rewrite ℓ(𝛉) =                              into 

2. If q(zn) is a distribution, ℓ(𝛉) = 

3. Applying Jensen’s ineq., 

Maximize ℓ(𝛉) =D
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EM – Get tight lower bound

Jensen’s inequality tells you

The equality holds when

- We use the latest 𝛉t to replace 𝛉
-                           implies
- What if your qt is not                   ?

Maximize ℓ(𝛉) =



EM – Get tight lower bound

The equality holds when

What if your qt is not                   ?

- Still a lower bound?
- Strictly lower bound?

Substituting                                 gives us

Maximize ℓ(𝛉) =
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EM – E-step

We can decompose                                                    into

- g(𝛉t): Independent with 𝛉
- Q(𝛉|𝛉t): To-be-maximized

- Q(𝛉|𝛉t) is more easily optimized (why?)
- When 𝛉 = 𝛉t, Q(𝛉|𝛉t) = ℓ(𝛉) - g(𝛉t)
- Maximize                               instead of maximizing ℓ(𝛉)

Maximize ℓ(𝛉) =
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EM – M-step

From E-step, ℓ(𝛉) = Q(𝛉|𝛉t) - g(𝛉t)

- 𝛉t+1 = argmax Q(𝛉|𝛉t) also maximizes ℓ(𝛉)

Maximize ℓ(𝛉) =

Maximizing Q(𝛉|𝛉t)
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EM – Several exercises

Where are E- and M- steps

Maximize ℓ(𝛉) =

Maximizing Q(𝛉|𝛉t)

E-step%-step



EM – Several exercises

Where are E- and M- steps

Maximize ℓ(𝛉) =

Maximizing Q(𝛉|𝛉t)
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EM – What if z is known?

No hidden variable -> Complete data

In EM, 

-                                   doesn’t depend on 𝛉t anymore 

- Q(𝛉|𝛉t) = Q(𝛉), pure optimization problem!

Maximize ℓ(𝛉) =

Maximizing Q(𝛉|𝛉t)6
Dani and never changes



EM Overview

E-step: Find a tight lower bound

             Derive 

M-step:



GMM setup

Parameters: 

Hidden variable: rnk (contribution from each cluster)

conditional prob
.
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GMM setup

Parameters: 

Hidden variable: rnk (contribution from each cluster)
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GMM from EM view

Parameters: 

E-step: Find a tight lower bound

             Derive

M-step: 

( Assume init is perfect )

4 data IN =4)µ% 2 clusters 11<=21



GMM – E-step

Goal: Derive

-                              : Posterior probability

-                    : pdf from Gaussian model (with parameter 𝛉)
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GMM – M-step

Parameters: 

Goal: 
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GMM – Algorithm



Before PCA – Basis

We have several choices of basis

They are some special basis

- Orthogonal: Perpendicular to each other
- Normal: Each has unit norm
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Before PCA – Eigen-decomposition

Form: CX = QTΛQ

- Λ is a diagonal matrix
- Each component in Λ is in order and called eigenvalue
- Each basis is called eigenvector
- Orthonormal basis

eigenvalue # I
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PCA – With 2-d

Eigen-decomposition on covariance matrix CX

                                              

Choose P as the first k columns of Q
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PCA – Example 

If X =                                                                       

- σ1
2 = ⅛ (32 + 12 + 12 + … + (-1)2) = 2

- σ2
2 = ⅛ (12 + 32 + (-1)2 + … + (-1)2) = 2

- σ12 = ⅛ ((3x1) + (1x3) + (1x-1) + … + ((-1)x(-1)) = 1

T



PCA – Example with K=2 

If X =                                                                       
T

" = ÷:]
Cx = [ ? ;] =L : 1139 ] if , if;] ⇒ { B. = [ ÉÉ7
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When K = dim 1×1
,

PCA fully recovers



PCA – Example with K=1 

If X =                                                                       
T

Only D , = [
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