18-661 Recitation

Ching-Yi Lin



Outline

- EM
- GMM + (hw6 coding)
- PCA



EM — Setup
Find 6 to maximize p(x|8) = p(x,z|6)

e Given incomplete data D = {x,} our goal is to compute MLE of 6:

0 = arg max{(0) = argmaxlog p(D) = arg maxz log p(x,|60)

= arg max Z log Z PlXn;2Z5|6)
n Z

log-sum (log(3 x)) is hard to compute. We prefer sum-log (> (logx)) (why?)



®MaX|m|ze () Z log Z p(xn,2,|0)

EM - Jensen’s inequality f(EX) < Ef(X) | S
0Q

p(x,, z,|0)
q(za)

1. Rewrite £(0 Zk,gz p(xn, z40) iNtO Zlong(z
2. Ifq(z.)is a distribution, £(8) = Y_log Eq(z,[222:2819]

(xn, 21|0)
q(zn)

3. Applying Jensen’s ineq., £6) > YY" q(z,) log

- £log



Maximize £(0 Z log Z p(xn,2,|0)

EM — Get tight lower bound 5 ZZ (2.} o p(x,,(, z,;|0)

Jensen’s inequality tells you 4(6) > ZZ 4(z.) log P(’;n(zzn)IO)

= 4

(2 =]
The equality holds when 6:(z») o p(xn, 2,/6°)
- We use the latest 0! to replace 0

= qt(zn) X P(Xn,zn‘et) |mpl|eS qt(zn) = P(Zn - k|X,,; et)
- What if your q, is not o p(x,, 2z,|60%)?



Maximize £(0) = Z log Z p(xn,2,|0)

EM — Get tight lower bound 0
J €6) > 3 3" a(z,) log 2 25l
The equality holds when a:(z») = p(z, = k|x,; 6%) n
Wt | : 2iet)
at if your g, is not o p(xn, z»|6") ?
- Still a lower bound? Yes 2(0)
- Strictly lower bound? /
w) correct Q¢

If q¢ & POxn. 2018%)
Z(et’) = IS att ,09 p(x.ZlG )

Substituting ¢:(z.) = p(z, = k|x.; ") gives us £(0) > ZZ p(zn|xn; 0%) log If ((:'];z'ff t))




Maximize £(0 Z log Z p(xn,2,|0)

EM — E-step ) (0 2,/6)
06(0) > ZZP(Zn|Xn IOg p(zn|xn gt)
We can decompose 46)>) p(zn|xn;0t)l%%mto
- g(8Y): Independent with 0 Qgiot)

- Q(0]0"): To-be-maximized

Q(016) = > > p(2n|xn; 6°) log p(xn, 24|0) = Eq, ) _ log p(xn, z.|6)

- Q(0]6Y) is more easily optimized (why?) Sum-l0g IS easier than log~Sum
- When 0 = 0!, Q(0]0") = £(0) - g(0")
- Maximize E,, ) Ix,,,z,,|9) instead of maximizing £(0)

" E for E-step



@mwm—%m—&e—rw

EM — M-step ) i 8% o P(Xns Z0l0)
E(O) > ZZP n| n I g P(zn|xn1 t)
From E-step, £(0) = Q(0|0") - g(0") @ Maximizing Q(0]0")

0" = argmax Q(0|0') also maximizes £(0)

n(e) n(e) n(e)

Adapted from Jonathan Hui's Medium tutorial.



Maximize £(0 Z log Z p(xn,2,|0)

EM — Several exercises p(Xn, 2,|6)
6(9) >’:E:::E::p Zn|xﬁ |Og P(zn|xﬁ t)
Where are E- and M- steps Maximizing Q(06Y)
A
L(9n+1)
(0n+1|60n)
ﬁ,(.f.’n.).f..l.(?nl%), ................................
L(6)
1(6]6,)
L(6)
= 0

9; 9n+1

(Figure from tutorial by Sean Borman)



Maximize £(0 ZlogZp(x z,|0)

— ' n 20|60
EM — Several exercises (0) > ZZP 211x,: 6) log ((: |xz | t))
Where are E- and M- steps Maximizing Q(06")

06°) > Q(7710%) = max Q(6]0%) > Q(6°(6°) = £(6")
€ M E



Maximize £(0 Z log Z p(xn,2,|0)

EM — What if z is known? (0) > ZZP 211x,: 6) log p((:,,l,x z,,|et))
No hidden variable -> Complete data ‘( Maximizing Q(0]0Y)

Define D/ =%y zZa} 1. D= {3}V, P(2na) and never changes

e D’ is the complete data

e D the incomplete data

In EM,

- q:(zn) = p(zn = k|xn; 6°) doesn’t depend on 0! anymore

- Q(0]0Y = Q(0), pure optimization problem!



EM Overview

E-step: Find a tight lower bound £(8) > " " p(z,|xn; 6°) log :((:’]’xzr-'[gt))

Derive Q(9|0t) — ZZP(ZnIXn;ot) Logp(xmznlez = [eqzlogp(xnazn|0)

n

M-step: Maximize Q(0]6"), i.e., '™ = argmax, Q(6|6")



GMM setup

Parameters: 0 = {wy, p,, i},

Hidden variable: r | (contribution from each cluster)

Zlog P25 2n) = Zlog p(2)P(Xnlza) =) > log p(zn)p(xn|2n)

k n:z,=k

— ZZ ok log p(z = k)p(x,|z = k)

conditional prob.

_ Z Z ok [Io@—l— log N(x@]ey, Zk)]

prior knowledqe



GMM setup A -
£
Parameters: 0 = {wy, uy, Zite_; rs 92
Hidden variable: r | (contribution from each cluster) .:
Vixtre of 10 Gavssians L 1 #n
N r‘ - E | ,O‘] /’/’ﬁ\ Bt l B

= [0, 11

(5..51 mixed confribufion
for eoch cluster




GMM from EM view

Parameters: 0 = {wy, p,, i},

p(Xn, Zn|6)
P(Zn|Xn; et)

E-step: Find a tight lower bound £(6) > ) >~ p(zx|xn; 6%) log

Derive Q(6|6°) = Z Z p(zn|xn; 0°) log p(x,,z,|0) = Eg, Z log p(x,, z,|0)

n Zp

M-step: Maximize Q(0|0"%), i.e., 8" = argmax, Q(0|0")

/O\O/O\ (Assume inif 1s perfect )
dato (N=4)
! /O\ -

Z My 2 clusters (K=2)

L
{ ! /7




GMM — E-step

------ 10
- q:(zn) = p(zn = k|x,; 6°) : Posterior probability r g .5
p(Zn — klxn) = ,D(X,,|Z,, = k)p(Zn - k) - p(X,,lZn — k)p(Zn - k) o |
p(x1) Si—1 P(xnlzo = K)p(20 = K') Q 1 -

N(xn|pg, i) X wi

B S 1 NOkalpte, i) X wie
- log p(xn, z5|0) : pdf from Gaussian model (with parameter 9)/ \ /@K

Vv



GMM — M-step

Parameters: 0 = {wy, p,, Zi 1,

Goal: Maximize Q(6]6%), i.e., 8"t = argmax, Q(0/6")

annk 1
W = = Zrkx
N D IR~

3 okt — 1) (0 — 1)

>, =
“ Zn Ink




GMM — Algorithm

Alternate between estimating r,x and computing parameters

e Step 0: initialize @ with some values (random or otherwise)

e Step 1 (E-Step): set rpx = p(z, = k|x,) for current 6 using Bayes
Rule

e Step 2 (M-Step): update € using these r,s using MLE
e Step 3: go back to Step 1



Before PCA — Basis

We have several choices of basis

3 1 0 %\/5 0 1 0
[2]:3[0]+2[_1J:ﬁ L +1[1]:3[0]+1[2]
Dasis #) - — basis #3

They are some special basis #2

- Orthogonal: Perpendicular to each other #1{ , 3
- Normal: Each has unit norm #f , #2



Before PCA — Eigen-decomposition

Form: C, = Q'AQ

- Nis a diagonal matrix

- Each component in Ais in order and called eigenvalue
- Each basis is called eigenvector

- Orthonormal basis

o 1]
Cy — -

eigenvalue #|

i 1 |
—11lo 1| |/ —2L
V2 V2 V2

SI=RI-



PCA — With 2-d o

S

. ” . . 1|7/ X —— | | |

Eigen-decomposition on covariance matrix CX = — : X1 ... X4
n

Choose P as the first k columns of Q

- V¢ — l l l
Aquch\D[ % ]:i—v=—~]cx[v,v; e
Cz = PTCxP Ak 1



PCA — Example
31 1 —1—-1-1 -1 —1]T

13 -1 1 -1-1-1-1

If X =

- 02=% (32 + 12+ 124 L+ (1)) =2
- 0= (12+ 3+ (1) + .+ (1)) =2
-0, = Y ((3x1) + (1x3) + (1x-1) + ... + ((-1)x(-1)) = 1

01”7 0y 21
C = —
1 2




PCA — Example with K=2

31 1 —-1-1-1-1 _1:|T
If X =

:zﬁ
13-1 1 —-1-1-1 -1 P, = [.Lﬁ
Cx-[lz] [ ‘][P‘cP‘zjﬁ P, 2 [1;]
% =[31 =([%]TP‘\P‘ + ([37TPy)Py = 2BP+ AP,

When K= dim(x), PCA fully recovers



PCA — Example with K=1

311 -1 -1-1-1-17"T
If X =
13-1 1 —-1-1-1-1

A _‘_ﬁ
= ( Remove P:.=[;E])

Oﬂ\\! P, = [—\-r }

P)

= [ 37 is represented 0S ([ 17PP, = ABPi= [ 31



