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Outline

- EM
- GMM + (hw6 coding)
- PCA



EM — Setup

Find 6 to maximize p(x|8) =)

z

e Given incomplete data D = {x,} our goal is to copppute MLE of 6:

0 = arg ma@ arg maxlog p(D) = arg maxz Iogp(x,,|0?

= arg max Z log Z p(xn,z,|0)
n Z

log-sum (log(3 x)) is hard to compute. We prefer sum-log (> (logx)) (why?)

b



Maximize {(0

ZlogZp (Xn:2Zn|0)

1. Rewrite {(0) =

. . — 8 z,,p . Q)
2 | @ a distribution, £(6) = B@@)[ﬂq(—)m]
T X
) p(xn,Z,|0)
3. Applyin nsen’s ingq., E(@K ZZQ(Z)'Og w
(@02 & £ K



Maximize £(0 Z log Z p(xn,2,|0)

p(xn, 2n|0)
£(0) > o) log ===
)—;;Q(Z ke q(zn)
Jensen’s inequality tells you 0)>ZZ z,) log p(xn, 2 —

(Zn)
- Jeevt e

EM — Get tight lower bound

Eq(z n)[f(

The equality hold G (2n) o p(xn, 25|07)

Iates@) replace 0

- Ge(2n) o Plxn, z4|0°) iIMplies  g:(2n) = p(zn = k|xn; 6°)
- What if)/()u\rqtﬁ-not x p(Xp,2,|0%)?




Maximize £(0 ZlogZp(x z,|0)

EM — Get tight lower bound i qu(zn) o0 p();n(, znn)w)
The equality holds when @:(z») = p(z, = k|x,; 6°) IU,SI
What if your g, is not o p(xn, 2,|6%) ? Q,(Gﬂ
_ still a lower bound? Nes 0(0) 20 A6
- ictly lower boums? / Wi covek qt
—_— X
o o PORRT \ Y,

S o9
P(Xn, Zn|6)

Substituting q:(z.) = p(z. = k|x,;6") gives us £(8) > ZZp(zn|xn 0") log (20/%0.0')
plZ,|Xn;




MaX|m|ze{’ Z IogZp(xn,ZnL)

EM — E-step NCE ZZp(znm Jlog ((xn|,zn|09t))
plZn|Xn;

——

We can decompose 46) > 3

n Zp

) |nto

p(zw|xn:6'

- g(0"): Independent with 0 & (9\0’()
- Q(0]0"): To-be-maximized

o = () puon~l
Q |0t)zzzp(t) Logp(x,,,z,,|02 :[F@)z:logp(x,,,z,,W)

n  z, L ——— n

——
- Q(0|0") is more easily optimized (why?) ‘i[bg
- When 0 = 0%, Q(0]0!) = £(6) - g(6Y)
- Maximize E,, ) " log p(xa, z,|0) instead of maximizing {(0)



E a 5 E gE EF(“”?zne,

EM — M-step (6) > ZZp(znm - " p(%n; 24|6)

p(za|x5; 6°)
From E-step, £(0) = Q(0]0") - g(0")

o7 = argma@lso maximizes (6) b = argees Q (6l
L™

é)tTan Q(0|0Y)

n(e)

.9 £x

Adapted Yrom Jonathan Hun s Medium tutorial.



Z IogZ p(xn, 2,|6)

EM — Several exercises , " p(Xn, 2,/6)
E(O) > Z Z p(Z,,|Xn, Iog P(Zn|xn; ot)
Where are E- and M- steps Maximizing Q(06Y)
A £
L(9n+1) 9
1(6n+10n)

L(Gn) — l(0n|9n)

(Figure from tutorial by Sean Borman)



Maximize £(6 ZlogZp(x z,|0)

EM — Several exercises (0) > ZZP 211x,: 6) log ;((: |xz |:))
Where are E- and M- steps Maximizing Q(6]0")
> >
€(9t+1) > Q(9t+1|9t) - a t) > Q 9t|9t)sl/€(9t)
R £ 1‘4
T oneRn (el G
e\ 3
SRR 0@ L



Maximize £(0) = » log » _ F%W)

_ L] - ? t n n, n 0
EM — What if z is known” €0) > 3 SRz o b') log ,f((:,,|xzn;lot))
No hidden variable -> Complete data Maximizing Q(0]0Y)

Define D’ = %n’vﬂ, D =@L":1 z (30

o0 @K ‘°lb
e D’ is the complete data \
e D the incomplete data
In EM, \

- q:(zn) = p(zn = k|xn; 6°) doesn’t depend on 0! anymore

- Q(0]0Y = Q(0), pure optimization problem!




EM Overview

E-step- Find a tight lower bound ¢(8) ¥ LZP 2, 1%, 6%) log :(\;,]; -|:))

Derive Q(0|6°) = Z S p(Zn|xn; 6°) |ogp(x,,,z,,|0 = [eqzk)gp X, 20|0)

£ £\

©
M—Stemwt), i.e., 0" = argmax, Q(6]0")

@g@(eﬁ




GMM setup

Parameters: 6 @k,ﬂ'k —t : £ -
b
Hidden vanableC)contrlbutlon from eacﬁ‘,cluster) h
z Coch deta pt
Zlog Pz = Zlog P(za)p(xnlza) =) D log p(20)P(Xn|zn)
k n:z,=k
"""\/’— ZZrnk log p(z = k)p(xs|z = k)
Lo .

k n
GausHO" /
\

</5\
% =



Y logp(xnza) =Y Y raxlog p(z = k)p(xalz = k)
n k n

GMM setup
Parameters: 0 = {wy, p,, i}, r < #)
Hidden variable@ontribution from each cluster) Y'm( = &
. Mixture of:l.D Gaussians r— 2
< (1.0 ] a B g7 .
0.20 r‘ \ ’I,'l v.; 2 C ‘g ¢ °
. AHN




GMM from EM view

Parameters: 0 = {wy, p,, T} b, Y nk
t p(Xn,2,|0)
@Fmd a tight lower bound £(6) > ZZP(@ )lo o(2y|x: 0°)

Derive Q(6|6%) :ZZp(zn|x,,;0t) log p(xn, 2,|0) =L, E [og P(X1, Z4|0)

——
—— n n

M-step: Maximize Q(6]6%), i.e., 8'T! = arg max, Q(8]6")




GMM — E-step e

- q:(zn) = p(z, = k|x,; 0%) . Posterior probability

p(X,,|Z,, - k)p(z,, - k) - p(xei(‘? E‘f)p(zn — k) ﬁ to [ j
p(xn) mzﬁp nlzn = k')p(zn =g)
N (o 1 i) X A

N 215:1 N(xn|ppr, Zir) X wir /0\
- log p(xn, z,|0) : pdf from Gaussian model (with.param 0

p(zn = k|xp) =

e ) Mo

AR



O - Grgme(Q (& ot)

GMM — M-step B/

Parameters: 0 = {wy, ., T( 15,

Goal: Maximize Q(6]6%), i.e., 8"t = argmax, Q(0/6")

2un ok P =
_ gl ;  £0 1]

Jry o@D FYSYL



GMM — Algorithm

Alternate between estimating r,x and computing parameters

e Step O: initializith some valyes (random or otherwise)

e Step 1 (E-Step): sel ryk = p(z, = k|x,) for current 6 using Bayes
Rule

(”.
e Step 2 (M-Step): update € using these rosusihg MLE
Step 3: go back to Step 1




e s1s 2
Before PCA — Basis @.ec

| TA as°®
We have several choices of basis \ ,r)?

\

3 Cbefo cge-?\ %ﬁ 0 1 0
[2]]:q_0_]_+@u:ﬁ l\/E +1[1]=3[0]+1[2] @3
o & g% €2 bosts

They are some special basis

|3 A@
- Q[ih.g_glgﬂa_[: Perpendicular to each other Vi ‘%

- Normal: Each has unit norm

(2



N
Before PCA — Eigen-decomposition

Vi
Form<>= Q'AQ X >\Z -

N is a diagonal matrix
- Each component in A'is in order and called eigenvalue
- Each basis is called eigenvector
- Orthonormal basis

7‘ elgenveCtor #/

C_21_%%3012\/§ Va
— 12 |%H -%Hl0 1| L | elgedvaters

- (9‘.( A 6.




PCA — With 2-d o

g e S

Eigen-decomposition on covariance matrix C, = . _ Xi 5w Xg

B A

Choose P as the first k columns of Q \ /
—U—

l
QTch"’[ ?n 'X [,.vw’]& \lz\avu]

Cz)=PTCxP = Ve



PCA — Example
. T
o OO -1 -1-1-15)
131 1 =1 -1 -1"<]

L xt

. 012=%@+03+0}+...+@2)=£ C*n

- 0= (12+ 3+ (1) + .+ (1)) =2
-0, =Y (B (1x3) + (1x-1) + ... + (€M) = 1

- _-@ 012-_[@1]
< % 022 L2




PCA — Example with K=2

M
1 < -\E-
le=©1 I -1 1—1—1] o G ]
3-1 1 -1 -1-1-1 ] >
~(>t 1 )
Cx(\z jE 1 (*)92,, %ﬁ]
Lin

33 > (X‘POP\'('D(PZ\PZ
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S 2 (C‘ ]PxT) Pee s -]



I ——

311 -1 -1-1-1-117"
If X =
13-1 1 —-1-1-1-1

T
T2
2\ @ 3 6][%’?&.) 92‘(-‘-7:-]3‘]
Cx"(\z]= o, EOL 1‘ (
£ (1)
= S

\(L AR

PCA — Example with K=1 ey
b b ]

\z‘ﬁﬁ—



PCA — Example with K=1

311 -1 -1-1-1-17"T
13-1 1 -1-1-1-1

If X =






